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1. Introduction 

The AdS/CFT correspondence [1] gave a precise example of the conjectured relation 
[2] between the large N limit of gauge theories and string theory. The most studied 
model is Af = 4 SYM, with gauge group SU(N) and coupling g YM - In its simplest 
form, the correspondence establishes that, in the large A-limit, keeping A = Qy M N 
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fixed, this theory is the same as free IIB strings on AdS$ x £ 5 , with N units of RR 
5-form flux. The radius R of AdS^ x £ 5 is given by R/l s = A 4 where l s is the string 
length. The effective string tension is therefore A~5. In the limit A — > 00 the worldsheet 
theory becomes classical and can be easily studied. On the other hand, the field theory 
simplifies in the opposite limit, A — > 0, since then it becomes perturbative. This makes 
the correspondence very powerful but at the same time difficult to study. In particular, 
it does not elucidate the point of how a string description can emerge from a field theory 
(see [3] for a discussion). An important step in that direction was made in [4] where 
it was shown how this correspondence can be established for certain ultrarelativistic 
strings, i.e. strings whose kinetic energy is much larger than their mass. In a related 
paper [5], the string side of the calculation was understood from a semi-classical point 
of view which allowed a generalization of [4] to multispin string states in [6, 7] (see [8, 9] 
for a review and [10] for previous related work). The calculation can also be generalized 
thanks to the observation of [11] that the one-loop scalar dilatation operator can be 
interpreted as a Hamiltonian of an integrable 5*0(6) spin chain. Using a Bethe ansatz 
method to solve a subsector of the spin chain, in [12, 13] a remarkable agreement was 
found between energies of various string solutions and eigenvalues of the dilatation 
operator representing dimensions of particular SYM operators. Moreover, integrable 
structures appear for certain rigid-shape rotating string configurations [14, 15] and can 
be mapped [16, 17] to the integrable structure of the spin chain. 

Another step was made in [18], where it was shown that one can take the ultrarel- 
ativistic limit directly in the string action 1 . The resulting, reduced action is a sigma 
model which turns out to be precisely the semiclassical coherent state action describing 
the field theory spin chain (in an £77(2) subsector). This makes obvious how a sigma 
model description of operators can emerge from a field theory as an effective descrip- 
tion of very long operators. These ideas can be cast also in the framework of integrable 
models as later shown in [22]. The results are also useful in understanding higher orders 
of the semi-classical approximation [23], other subsectors [24, 25, 26, 27, 28, 29, 30, 31] 
including open strings [32], and also quantum corrections [33]. It could be useful also 
in understanding 1/N corrections as the ones discussed in [34]. 

Moreover, the relation between spin chains and gauge theory is quite generic and 
in fact it was already noted in QCD [35] implying that these ideas have wide appli- 
cability. Therefore, it is natural to wonder if they can be extended to other examples 
of the AdS/CFT correspondence, for example, with less than four supersymmetries. 
Examples with at least one supersymmetry are generically 2 given by IIB backgrounds 

1 See [19, 20] for alternative approaches and [21] for a discussion of supersymmetry in the ultrarel- 
ativistic limit. 

2 This does not include the Maldacena-Nuhez solution [36] which uses a different approach. See 
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of the form AdS^xX 5 , where X 5 is a five dimensional Sasaki-Einstein manifold. The 
dual superconformal theories are quivers, arising from the low energy excitations of 
D3-branes at Calabi-Yau singularities. Until recently, the only examples where the 
metric on X 5 was explicitly known were the homogeneous manifolds S 5 and T 1,1 . The 
latter case, discussed in detail by Klebanov and Witten [39], gives the paradigmatic 
example of M = 1 AdS/CFT. 

However, one year ago, Gauntlett, Martelli, Sparks and Waldram found an infinite 
class of inhomogeneous Sasaki-Einstein metrics on S 2 x S s [40, 41, 42] which are labeled 
by two integers < q < p, and are usually called y p,q metrics. The corresponding 
Calabi-Yau cones, are toric, meaning that there is an effectively acting U(l) 3 isometry. 
The toric description of the geometries was given in [43] which allowed [44] to find the 
superconformal gauge theories dual to Type IIB on AdS 5 x yP'i. 

Once the superconformal field theories are known, it's possible to compute the 
anomalous dimensions of the chiral fields applying the general a-maximization tech- 
nique of [45], which relies on general properties of supersymmetric theories [46] and 
works independently of AdS/CFT. These anomalous dimensions are directly related, 
in the supergravity dual, to the volume of the dual Sasaki-Einstein manifold, as well 
as the volumes of supersymmetric sub manifolds. In fact, [47] later found the geo- 
metric analog of a-maximization, i.e. a general way of computing these volumes for 
toric Sasaki-Einstein manifolds in any dimension, bypassing the need of an explicit 
knowledge of the metric. 

In a further development [48], a relation was pointed out between toric quivers 
and dimers, that leads [49] to a general method for obtaining the corresponding brane 
setups [50]. This 'brane tiling' technique is connected to a correspondence between 
the statistical mechanics of dimers and topological strings on Calabi-Yau's [51], and 
significantly generalizes previously known similar constructions [52, 53]. 

In the present paper similar periodic representations of quivers are considered, in 
particular, the full mesonic chiral ring of toric gauge theories is naturally encoded in 
one-cycles of the torus where the quiver itself is drawn. 

Another generic feature of quivers associated to toric geometries is that they always 
admit an exactly marginal deformation analogous to the /5-deformation of M = 4 SYM 
[54], as was shown in [55], using the techniques of [54, 56]. This deformation leaves the 
toric U(1) 2 F x U(l) R isometry untouched. In [57] a very interesting way of constructing 
the gravity side of this kind of deformations has been found. The semiclassical sector 
of the correspondence [58] and integrability properties [59] have been studied. 

The knowledge of a general class of geometries should allow the construction of 

[37, 38] for more generic solutions. 
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non-conformal examples of the correspondence, in the spirit of the Klebanov-Strassler 
solution [60]. Progress in this direction was done in [61, 62, 63, 64, 65]. 

In this paper we are interested in improving the understanding of the correspon- 
dence in these new examples. We proceed in steps. First we establish a correspondence 
between massless geodesies and large R-charge chiral primary operators in the field 
theory. After that, following [4], we consider excited strings whose mass is small com- 
pared to their kinetic energy. When the string has few excitations (of certain types) 
we can find the corresponding operators in the field theory. For a large number of 
excitations, however, we need a way to obtain a spin chain description of the operators. 
This is difficult since the theory is not in a perturbative regime. We content ourselves 
with analyzing the mixing between operators induced by the superpotential and show 
that they lead to a sigma model action which has similar properties as an action that 
can be derived directly form the string side of the correspondence. The sigma models 
are not the same but we suggest that they should have the same infrared limit (in the 
worldsheet sense). So, we can argue that we indeed were able to find a string action 
emerging from the field theory. The mapping from one side of the correspondence to 
the other is that long paths in the quiver correspond to strings. If one draws the paths 
in a torus then the direction in which the path moves is directly related to the position 
of the string in the bulk. 

The organization of this paper is as follows: In sec. 2 we analyze strings moving 
in the y p ' q manifolds. We find massless geodesies paying special attention to the ones 
corresponding to chiral primaries (long) operators in the quivers. We then consider 
semiclassical fast moving strings, in the limit of [18]. The Sasaki-Einstein geometry 
seen by these strings is naturally parameterized by a non relativistic effective action, 
that keeps all the information about the Sasaki-Einstein metric. 

In sec. 3 the BPS sector of the field theory is analyzed. The full mesonic chiral 
ring is constructed for a general y p,q gauge theory, exploiting general features of toric 
quivers. We reobtain the results on BPS geodesies and find the natural ranges of the 
coordinates parameterizing the y p ' q manifolds. 

In order to reconstruct the full string background, it is necessary to go beyond the 
BPS sector and consider chiral non BPS operators. In sec. 4 we show the existence of 
a special point on the conformal manifold where some coefficents of the superpotential 
vanish. At that point the chiral ring is enhanced and a large class of holomorphic oper- 
ators becomes BPS 3 . For long operators, non trivially, this class includes the extended 
semiclassical strings, as can be expected from the string side. The existence of a special 

3 This is the class of operators that we call "holomorphic sector". In the case of M = 4 this sector 
is the well known SU (3) subsector. We don't discuss the closure of the sector in the gauge theories, 
but we expect that for long operators this sector becomes closed, as in TV = 4 [66] . 
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point with enhanced chiral ring and symmetry (noticed also in [55] in some particular 
examples) is an exact result that we expect to be a general feature of superconformal 
quiver gauge theories and thus of AdS/CFT with critical string theory. 

In sec. 5 we construct a spin chain Hamiltonian for the y p ' q quivers, considering a 
simplified approach consisting in studying the mixings between chiral operators induced 
by the superpotential terms in the Lagrangian. In this way, we are able to reconstruct 
an S 2 x S 3 geometry from the chiral semiclassical operators in the field theory. Even 
with the mentioned simplifications, the metric found is very similar to the original 
Sasaki-Einstein metric. More precisely, we find a Kahler metric on the base but the 
metric is not Einstein. We suggest that the metric may flow to an Einstein metric in 
the infrared of the world-sheet. 

In sec. 6, which can be read independently of sec. 4 and 5, we extend the results of 
sec. 3 in a different direction. Instead of considering extended strings we consider non- 
BPS massless geodesies. We find a class of operators that we conjecture to correspond 
to a generic non BPS geodesic, and test the idea for massless strings moving along a 
small perturbation of a BPS geodesic. For short operators, this leads to a proposal for 
the, generically non protected, operators dual to all supergravity states, i.e. generic 
Kaluza-Klein harmonics on the transverse Einstein manifold. 

Finally we give our conclusions in section 7. 

2. Strings moving in the y p,q manifold 

In this section we study semiclassical strings moving in the AdS 5 x y p,q manifold whose 
metric is [41]: 

ds 2 = -dt 2 cosh 2 p + dp 2 + sinh 2 p dVt\ + ds 2 pq (2.1) 

dsl a = — ^ (d9 2 + sin 2 9d<j) 2 ) + + ?^l(d4>- cos 9d(f)) 2 (2.2) 

p,q 6 v ' 6p{y) 9 

+w(y) [da + f(y) (dip - cos 6d(f))} 2 (2.3) 

with the functions 

/ \ n a ~V 2 ( \ a~Sy 2 + 2y 3 a - 2y + y 2 

l-y a-y 2 6(a - y 2 ) 

and 

( x _ w(y)q(y) _ a - 3y 2 + 2y 3 
P[y) ~ 6^ " 3(1 -y) (2 ' 5) 
The coordinates span the range: 

0<#<tt, O<0<2tt, 0<^<2tt, 0<a< 2vr£, Vl < y < y 2 (2.6) 
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The constant a appearing in the metric as well as the constants yi^ and £ which 
determine the range of variation of the coordinates can all be written in terms of the 
integers p and q that define the manifold: 

Vi,2 = ^(2p T 3q- W - 3g 2 ) (2.7) 

i = q - (2.8) 

3q 2 - 2p 2 + p^Ap 2 - 3q 2 

a = 3y\ - 2yf (2.9) 

An important point is that y± t 2 are zeros of the function p(y) appearing in the metric. 
We note for further use that there is a third zero of p(y) given by y 3 = | — y 1 — y 2 . 
Various useful properties of these functions and the metric can be found in the original 
paper [41] and are collected in an Appendix for completeness. 

2.1 Massless geodesies 

We consider massless geodesic in the reduced metric 

ds 2 = -dt 2 + ds 2 pq = -dt 2 + g ab dx a dx b (2.10) 

where ds 2 q = g a bdx a dx b is the metric of the Sasaki-Einstein manifold and t is the global 
time in AdS 5 . The massless point-like string is sitting at p = in the metric (2.1) and 
the motion is only in the internal manifold. 

The action for the motion of a point-like string is 

S=y Y J dr(-i 2 + g tJ x a x b ) (2.11) 

where \/~\ = (R/l s ) 2 is the effective string tension. We include it for completeness but 
the results do not depend on the tension since the strings are point-like. We need to 
solve the equations of motion subject to the constraint 

-i 2 + g ab x a x b = (2.12) 

The equation of motion for t is solved by t = kt and therefore the action reduces 

S = JdrC = ^Jdr (g ab x a x b ) (2.13) 
+w(y) [a + f(y) (^-cos^)] 2 | (2.15) 
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namely free motion in the Sasaki-Einstein manifold. The momentum P t conjugate to t 
is the energy of the string and therefore is equal to the conformal dimension A of the 
dual operator: 

A = P t = V\k (2.16) 
We can also introduce the other conjugate momenta as 

* = § (2 - 17) 

and the Hamiltonian which is given by 

H = \g ah p a p b (2.18) 

From the action we see immediately that the momenta P^, P^ and P a are conserved 
quantities. This is a consequence of the 577(2) x U(l) x U(l) isometry since P^ is the 
third component of the SU{2) angular momentum and P^, P a are associated to the 
U(l) factors. There is a further conserved quantity corresponding to the total SU(2) 
angular momentum given by: 

j2 = P e + — U ( P 4> + cos dP i>f + P l ( 2 - 19 ) 
sin v 

The momenta in terms of the velocities are given by 

Tx p ' = m* < 2 - 20 > 

■j%* = l T U (2 ' 21) 

(P + cos eP*) = sin 2 9<P (2.22) 

(P* - f(y)P a ) = ^ " cos 6$) (2.23) 

-±= P Q = w(y) (d + /(y) - cos^)) (2.24) 
In terms of the momenta the Hamiltonian can be written as 



-7- 



where we also used the constraint (2.12) to relate H to k and further used (2.16) to 
relate k and A. As expected the relation between the conformal dimension A and the 
momenta does not involve the tension \/\. 

The only non trivial equation of motion we need to solve now is that of y{r) which 
is simply a one dimensional motion in a potential as follows from the conservation of H 
and the fact that P y oc y/p{y). Before proceeding it is useful to introduce the R-charge: 



Q R = 2P^ - -P a (2.27) 



which gives, after some algebra, 



l QR ) 2 + ^) {Pa + 3yQR)2 (2 ' 28) 

+6p(y)P, 2 + T ^( j2 - p 3 

where we used the function p(y) that was defined in (2.5). As we said this last equation 
should be understood as an equation of motion for y(r). 

The full set of geodesies moving only in the transverse SE manifold is completely 
described by eq. (2.28). We note that the set of geodesies on a five dimensional manifold 
is itself a manifold with eight dimensions; in the case of S 5 , for instance, this set is 
the manifold SO(Q)/(SO(2) x SO (A)). Since from (2.19) J 2 > P}, all solutions have 
A > \Qr. We want now to restrict to solutions where this bound is saturated. These 
geodesies correspond to chiral primary, or BPS, operators that will be analyzed in the 
next section. From (2.28) it is clear than in order to have A = \Qr we must require 

P y = 0, J 2 = Pi (2.29) 

The first equation implies y = yo is constant. The constant yo should be set to the 
minimum of A 2 , namely 

Vo = -T^f (2.30) 

This ensures that the equation of motion for y is satisfied and at the same time implies 
A = \Qr- The restriction however is that, to obtain a geodesic, we need: 

yi < < y2 (2.31) 

In this sense, y ij2 can be thought as defining the range of variation of P /Qr- 
To summarize, for all these BPS geodesies we obtain: 

P a = -3y Q R , J=\<£- yo)Qn (2.32) 
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and the yo independent relations 

& = \q R , Q R = 2J- l -P a . (2.33) 

The last equality follows from the definition of Qr, namely eq.(2.27), and the fact that 
J = for these geodesies. Together with the first relation in (2.32) it implies the 
second one, namely J = |(1 — yo)Q R - 

Using the definitions of the momenta in terms of the velocities one can see that the 
geodesies in question are simply given by 

y = y , 9 = 9 , = O , a + ^ = (2.34) 
which suggests introducing a new angle (3 through 

p = Qa + ip, i> = i> (2.35) 

This implies 

p f> = \ p « ( 2 - 36 ) 

P* = P* ~ l p a = \Qr (2.37) 

Now, the geodesies are such that $ — 0. Note also that ip — tp is now conjugate to the 
R-charge. 

Concluding, a four dimensional subset of geodesic is BPS, and corresponds, as 
expected, to point-like strings moving only along the R-charge direction, or ip direction. 
In section 3 we reconstruct these BPS geodesies from chiral primaries in the quivers. In 
section 6 we will study small deviations from the BPS case, corresponding to A > | Q R . 

2.2 Reduced action for strings with large R-charge 

In this section we consider classical strings which move with large angular momentum 
corresponding to field theory operators with large R-charge. Such strings move fast in 
the ip direction as in the previous section but now we do not use the approximation 
that the string is small. Any five-dimensional Sasaki-Einstein metric can be written in 
the following form 

ds 2 = -dt 2 + -g ij dx i dx j + -(# + A^x 1 ) 2 (2.38) 
6 9 

where gij is a local Kahler-Einstein metric on the base, parameterized by the coor- 
dinates Xi. Both and A { depend only on the four coordinates X; L . The external 
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derivative of the one form Aidx 1 is proportional to the Kahler form of the four dimen- 
sional base. It also completely specifies the Kahler form of the Calabi-Yau cone over 
the SE manifold. 

Now we introduce a coordinate ipi — ip — 3t. The metric becomes 

ds 2 = + Aidx 1 ) + -(#1 + Aidx 1 ) 2 + -g ij dx i dx j (2.39) 

3 9 6 

If we choose t = kt we can write the Polyakov action 

S =\J 1<9 T ^ + A t d T x l ) + l -{d T ^ + Ad T x 1 ) 2 + ± gij d T x%xi (2.40) 

-^(cWi + Ad a x 1 ) 2 - pad^d^ (2.41) 

and the conformal constraints 

= ^k(9 t ^i + Aidrx') + hdrfa + A&x 1 ) 2 + ^8^%^ (2.42) 
o y o 

+Ud a i h + Aid.x 1 ) 2 + -a^d^ (2.43) 

y o 

= ^(^1 + AidaX*) + Ud T ^ + AidrX^d^! + A^x 1 ) + \ gij d T x % d a x\2 .44) 
3 9 o 

In this system of coordinates the string moves slowly (which means it moves almost at 
the speed of light in the original ones). We therefore consider the limit [18] 

d T X^0, k^oo, nd T X fixed (2.45) 

where X denotes all coordinates, ip\ and x l . 

In that limit the second conformal constraint reduces to 

d a ^ + A i d a x i = (2.46) 

Taking the limit in the action and using the constraint we get 

S = J l -K{d T ^ + AidrX*) - y^,; ,<),.,.>■■ <),.,..■> (2.47) 

which is the final form of the reduced action describing strings with large R-charge. 

We can now specify this general derivation to our case of interest, the y p ' q metrics. 
Using the coordinates discussed at the end of the previous subsection, (8, <fi,y, (3), the 
local Kahler-Einstein metric gij and the L r (l)-fibration Ai are 

dv 2 

g^dx'dx 3 = (1 - y)(d9 2 + sin 2 9d(j) 2 ) + -f- + p(y) (dp - cos 9d(f)) 2 (2.48) 

p{y) 

Aidx 1 = -ydfi - (1 - y) cos6d(f) (2.49) 
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It should be noticed that the metric (2.48) is valid only locally, and has orbifold singu- 
larities at the zeros of p(y). 4 The constraint (2.46) becomes 

dpipi — cos 9d a (f) = y (d a P — cos 9d a <p) (2.50) 
and the effective action (2.47) takes the explicit form 



V>i - yd T p - (1 - y) cos6»<9 T 0) 



1 

12 



l-y) ((c^) 2 + sin 2 ^ CT 0) 2 ) + 



p(y) 



(2.51) 

+ P (y)(d a P-cos6d a( f ) ) 2 (2.52) 



where we restored the factor (R/l s ) 2 = \/\ in front of the action. We can immediately 
identify the following conserved quantities 

Vfa = ~ V^A/t J da = yVA/c 

Vfs = -\^ K j ' da y 

Vcf, = — \y^ K J da (l — y) cos9 



H=^Jda [(l-y) {{djf + sin 2 £(«9 CT 0) 2 ) + 

(day) 2 



p(y) 



+ p{y){d a (3- cos 6d a <py 



(2.53) 
(2.54) 
(2.55) 
(2.56) 
(2.57) 



where is (half) the R-charge, Vp, V^, are the U(l)p and the third component of 
the SU(2) charges respectively. Finally Ti is the Hamiltonian which corresponds to 
A — \Qr hi the field theory. Furthermore, if we remember that P^ = P^, we see that 
the relations (2. 32), (2. 33) are satisfied at each value of a implying that each point of the 
string moves approximately along a BPS geodesic. As expected, H vanishes precisely 
when all the four local coordinates do not depend on a. In this case one recovers the 
results of the previous subsection. It is useful to note that if we use the coordinate 
t — t/k and replace k by the R-charge Qr = the reduced action can be written 
as 



S = 



Q 



R 



47T 

_4tt 2 ^ 
9 Q% 



(d t tpi - yd t p -(l-y) cos6><9 t 0) 



(2.58) 



{l-y)((d a 9) 2 + sm 2 9(d a ct>) 2 ) + 



{d*yf 
p(y) 



+ p(y)(daP -COsOd^f 



4 We note also that the one form Aidx 1 does not depend on p(y); as a consequence the Kahler forms 
of the four dimensional base and of the metric cone over the five-manifolds do not depend on the 
precise form of p(y). In sec. 5 we derive a metric from the spin chain which differs from (2.48) only in 
the form of p(y) and for Ai gives the same result as (2.49). 
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We see that the corrections introduced by a sigma dependence of the coordinates, 
namely for an extended string, are small for large R-charge as expected. The result is 
valid for large A but a naive extrapolation to A = suggests that the corrections vanish 
in that point, a fact that we use later. 

We conclude this subsection by noting that one can write the reduced action (2.52) 
in the following general form: 

S=-mJ (z a d a K - f a d- a K^ d al Kd a z a dJ (2.59) 

where we introduced two complex variables z a=1,2 and a Kahler potential K{z x z Xj rZ 2 z 2 ). 
In terms of the original variables they are: 

9 3 

z x = sin(-) e"*^-*) J] |„ _ Vi \W t (2.60) 

i=\ 

e 3 

z 2 = cos(-) e-^(^) J]|„_ yi \Wi (2.61) 

i=i 

(2.62) 

where y± < V2 < Hz are the three roots of p(y) = already introduced in (2.9). This 
relation defines complex coordinates only locally since for example the periodicity of /3 
is not 2n. We see that p = z x z x + z 2 z 2 is a function of y only. This means that the 
(local) Kahler potential is also a function of y and turns out to be given by 

1 3 1 - 

K = -Y,—^^\y- yi \ (2.63) 

i=i y % 

With these definitions it easy check that (2.59) is equivalent to (2.52). In doing so it is 
useful to note that 

dy 3p(y) (y2M " > 

dp p 



dy p(y) 



(2.65) 



The form of the action (2.59) means simply that the base of the Sasaki-Einstein mani- 
fold is locally Kahler with complex coordinates Z\^ and Kahler potential K. The fact 
that K depends only on p = z l z} + z 2 z 2 means that there is an U(2) = SU(2) x U(l) 
isometry. Actually this fact supplemented by the condition that the metric is Einstein 
completely determines the reduced action (up to the constants y\^ and the couplings). 
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3. The correspondence in the BPS sector 

We now want to study the various operators dual to the semiclassical strings moving 
on the y p ' g manifolds. Since we consider strings without AdS angular momenta, the 
operators are scalars constructed only with the matter bifundamental fields. Moreover, 
if the string is moving fast only along the ip direction, as is the case for strings described 
by the effective action of Sec. 2.2, the operators will be holomorphic, or chiral, i.e. 
products of chiral bifundamentals. 

In this section we restrict to chiral primaries, or BPS operators. We will at first 
focus on the generators of the mesonic chiral ring. 'Mesonic' means that these operators 
are constructed taking the trace of products of bifundamental fields; in order to be gauge 
invariant each of these operators has to correspond to a loop in the quiver. Then we 
describe a generic BPS operator. This study reobtains our previous geometric results on 
BPS geodesies, and constitutes a first step towards the description of the holomorphic 
operators dual to semiclassical extended strings. Even if we consider the y p,q models, 
we will uncover generic features of toric quivers. 

We refer to [44] for the description of how the superconformal field theories are 
constructed. Table 1 gives the values of the R-charges Qr, the >S?7(2)-spin J and 
the U(l) flavor charges Qf for all the bifundamental fields present in a generic y p ' q 
quiver 5 . As is well known, for chiral operators there is a simple relation between the 
R-charge Q R and the scaling dimension A: A = 3/2Q R . Since the R-charges add 
under multiplication of chiral operators, the knowledge of the R-charge of the four 
types of bifundamental fields, Y, Z, U a and V a , suffices to determine the R-charge of 
all holomorphic operators and the scaling dimension of all chiral primaries. 



Field 


number 


Qr 


U(1)b 


Qf 


Y 


p + q 


(3q 2 - Ap 2 + 2pq + (2p - q)^Ap 2 - 3q 2 )/3q 2 


p-q 


-1 


Z 


p-q 


(3q 2 - Ap 2 - 2pq + (2p + q)l/Ap 2 - 3q 2 )/3q 2 


p + q 


+ 1 


u a 


P 


(Ap 2 - 2p^Ap 2 - 3q 2 )/3q 2 


~P 





ya 


q 


(3q 2 - 2pq + q^Ap 2 - 3q 2 )/3q 2 


q 


+1 



Table 1: Charges of the bifundamental fields present in the y p ' q quivers found in [44]. 



5 In the case of y 2 ' 1 , for which the superconformal field theory was constructed in [67], the values 
of the R-charges were computed in [68] . 
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3.1 Chiral building blocks 

The basic chiral operators correspond to some loops in the quiver that have been 
considered in [44] in order to give a field theoretical computation of the topology of the 
super symmetric 3-cycles. Moreover, the analysis of the short loops (R-charge 2 chiral 
ring) has been given in [55] in order to determine the conformal manifold. We will, for 
the sake of clarity, describe nevertheless in detail the various operators also here. 

Let us start from some simple examples of mesonic chiral operators. The simplest 
chiral single trace operators are of the form 6 

tr(ZUY q U) or tr(UVY c ) (3.1) 

for 'short' loops of the quivers. For 'long loops' of the quivers of table 2 one finds 

tr(ZUVUVU ZU) (3.2) 

for counter-clockwise loops, and 

tr(Y q UY q UY c Y c ) or tr(Y q UY q Y c Y c U) or tr(Y q U Y q Y c U Y c ) (3.3) 

for clockwise loops. These examples are valid for Y 4,2 , in general there are operators 
like (3.1) of length 3 and 4, operators like (3.2) of length 2p and (3.3) of length 2p — 
q. These three types of operators constitute the basic building blocks for any scalar 
chiral operator. Notice that operators corresponding to 'long loops' carry a non zero 
winding number around the quivers; this winding number counts the value of the 
charge associated to the U(l) flavor symmetry. Another thing that can be observed 
immediately is that the baryonic charge is always vanishing for any mesonic operator 
(this gives the constraints on the topology of the SUSY 3-cycles of the Sasaki-Einstein 
manifolds [44]). As a consequence, we do not consider the baryonic charge in the 
remaining part of this paper. 

Because of ^-"-terms relations only a subset of these holomorphic operators are chiral 
primaries, or BPS, and have dimension A = 3/2/2 on the whole IR conformal surface. 

Let us consider the short loops, having R-charge 2. There are 2p such loops: 2q 
of length 3 and p — q of length 4. Moreover, since the fields U and V transform in the 
spin-1/2 of the global SU(2), all the short loops are in the 1/2 <g> 1/2 = © 1. We are 
thus dealing with 4(p + q) operators. The jF-term relations will imply that only 3 of 
them are chiral. The explicit superpotential [44] is 

W = J2 ^(UfVfY^ + V?U? +l Y 2i ) + J2 e^ZjU^Y^U? . (3.4) 

i^l j=<?+l 

6 With the hope of helping in visualize the operators on the quivers, we denote by Y c the F-fields 
entering a cubic superpotential term, and by Y q the F-ficlds entering a quartic superpotential term. 
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Table 2: Example of the recursive construction of the y p ' q quivers, as from [44]. 



It is important to remember that this writing is schematic, the precise coefficients 
multiplying every S'?7(2)-invariant term depend on the position in the conformal surface, 
similarly to the gauge couplings. The equations of motion of the K-fields 

UM = UM (3-5) 
V^Ul, = V?Ul +1 (3.6) 
UjZjUf +1 = UfZ,Uj +1 (3.7) 

immediately say that the spin-0 parts are zero in the chiral ring. The equations of 
motion for the 'external' U, V, Z fields enable to 'move' the short loops around the 
quiver. All these short loops are thus equal in the chiral ring. The superconformal BPS 
operator is a symmetrization over the quiver of all these short operators: 

q p 

Sl = H ^UU-VfY^ + VtUf +1 Y 2i ) + oipZsUf^Y^uf , (3.8) 
i=i i=?+i 

where a 1 are the 3 Pauli matrices. Also in (3.8) the precise coefficients in front of every 
S77(2)-covariant term depend on the position in the conformal surface. In conclusion 
there are only 3 operators, S and S°, with R-charge 2 and scaling dimension A = 3 
over the whole conformal surface, and they transform in the spin-1 representation of 
SU{2). Note that the Qp charge of S is 0. The chiral operator with vanishing spin-z, 
S°, lies in the chiral ring for any toric superconformal quiver and drives the exactly 
marginal deformation called /3-deformation [55]. For more general toric quivers, with- 
out an "accidental" SU (2) global symmetry, BPS building blocks with non vanishing 
U(l) x U(l) flavor charge, like S , are not short: their analog are similar to the 'long' 
chiral operators we are going to study now. 

Considering the winding operators we distinguish between clockwise and counter- 
clockwise loops. The length- 2p loop (counter-clockwise, of the form (3.2)) is made of p 
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[/-fields, q V- fields and p — q Z-fields. The set of operators (in total 2 p+q ) corresponding 
to this loop transform in the SU (2)-representation with spin 



The . . . represent lower dimensional S77(2)-representations. All the non-maximal SU (2)- 
representations in the chiral ring vanish, due to the F-fields jF-term relations. We 
denote this operator C+. One thus finds that it carries spin and, from Table 1 a 
non vanishing positive U(1)f charge. 

The other type of winding operators, clockwise loops of the form (3.2), are a little 
bit more difficult to visualize. They have length 2p — q and are made of p F-fields 
and p — q [/-fields (including U- or Z-fields in such a loop is equivalent to multiply 
by an S operators, and would not be a building block). The Z- and F-fields .F-term 
relations imply that the 577(2) indices have to be completely symmetrized, i.e. the 
BPS operators transform in the spin- 2 ^ representation. On the other hand, \/-field 
^"-terms enable one to move the position of the various U- and F c -fields present in the 
operators of the form (3.2). This implies that there is only one BPS clockwise loop, 
with J = 2=2, that we call £_. 7 



Meson 


spin J 


Qr 


Qf 


S 


1 


2 





£ + 


p+<? 

2 


p + q-ji 


+p 




p-q 
2 


P-Q+Te 


-p 



Table 3: Charge assignments for the three basic mesonic fields. Notice that 2J — Qr is 
proportional to Qf for all the operators. 



The R-charge of the long loops is computed using Table 1 

Q R [C ± ] =p± (p(2p - W - 3g 2 ))/3g = p ± (q - ^) , (3.10) 

where in the last equality the relation (2.8) has been used. The final results are sum- 
marized in Table 3. 

7 In the case of y p ' p there are two different £_ operators. This fact does not lead to a strong 
enhancement of the chiral ring, since in this case J = 0, in particular it is not possible to use this two 
operators to construct long operators dual to non point-like semiclassical strings. 
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The natural way to think of the mesonic operator is in terms of the quiver diagram 
drawn on a two-torus, as suggested by the connection between dimers and toric geom- 
etry [48, 49] . The point is that any toric quiver can be drawn on a torus in such a way 
to provide a polygonalization of the torus. The quiver diagram is precisely the dual 
diagram of the dimer model. Each face is surrounded by bifundamental fields going 
either in the clockwise or in the counterclockwise direction, and precisely corresponds 
to a superpotential term. For the toric phases of y p ' q quivers there are only cubic and 
quartic superpotential terms, so all the faces are triangles or squares. The torus has 
one 'short' homology cycle and one 'long' homology cycle. 

In this picture, the generators of the y p,q chiral ring are as follows: 

• S° is the only chiral operator that does not wind around any homology cycle of 
the torus. 

• «S ± wind around the short homology cycle, in opposite directions. 

• £± wind around the long homology cycle. The value of the z-spin counts the 
winding number around the short homology cycle. 

A general fact of toric quivers we find is that the values of the two commuting U(1)f 
charges (that are always present) are counted precisely by the two winding numbers of 
the operator. This is actually valid for any mesonic operator, not just BPS ones. 

Of course the generators of the chiral ring we found satisfy various non linear 
relations. Studying these relations, it should be possible to reconstruct the algebro- 
geometric description of the y p,q Calabi-Yau cones. Instead of doing this, we will 
reconstruct the transverse geometry through the analysis of semiclassical holomorphic 
operators, in sec. 5. This will give also information about the metric. 

3.2 The full mesonic chiral ring 

We now want to consider 'multiloop' operators. First of all we see what happens 
multiplying two S. An operator like 

HUiViY-wUiViYK+t) ~ tr(U i V i y 2i+2 U i Y 2i+3 V i+1 ) (3.11) 

transforms in the ® 4 l/2 = 2 © . . . and can be seen simply as the product of two short 
mesons S. It is easy to convince that this is general: any chiral operator that does 
not wind all the way around the quiver is of the form S n and transforms in the spin-n 
of SU(2). In other words, BPS operators do not carry a position on the quiver, and 
always transform in the maximal possible SU (2)-irrep. 
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Consider now the product of £+ and This product, which winds times around 
the quiver, can be expressed in terms of the S operators. 

~ tr(. . . UVU YYU . . .) ~ tr(. . . UVY UYU . . .) (3.12) 

where we used the equation of motion for V . We thus see that the resulting operator 
is the product of various <Ss. More precisely 

C + C_ ~ S p (3.13) 

Note that this relation is consistent with the charge assignments of Table 3. 

We are now in the position of giving the classification of the mesonic chiral BPS 
operators of the Y p ' q quivers. A general operator O can be seen as the product of S 
and C: 

O sJ = S s C l (3.14) 

Where we denote C = C + and Cr l — s is a non-negative integer, while the integer 
I can be positive of negative. The R-charge of O s> i is given by 

Q R [O atl ]=2s+p\l\+l(q-^) (3.15) 

while the flavor charge 

Q F [0 8 ,i]=pl (3.16) 
Finally, O s j transforms in the irreducible S'[/(2)-representation with spin J 

J[O sJ ] = s+\l\^ + i q - (3.17) 

Again, the precise form of these operators can be obtained by a complete sym- 
metrization over the quiver (imposed by U- and ^-fields jF-terms) and over the SU(2) 
indices (imposed by Y- and Z-fields jF-terms). A complete symmetrization over the 
trace is also to be performed. 

3.3 BPS geodesies from the quivers 

The operators corresponding to point-like strings moving along a null BPS geodesic 
are chiral primaries and therefore should be among the ones we just described. In this 
section we make the mapping precise and compare with the results of Sec. 2.1. 

Before doing so note that, heuristically, we can understand that these operators 
correspond to point-like strings because, due to the complete symmetrization imposed 
by .F-term relations, the three values of the U(l) 3 charges are constant along the 
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operator, for long operators and in a sense made precise later when we study a coherent 
state representation of the operator (see eqs. (5.6) and (5.7)). There we also see that 
we can get non-BPS operators by tuning continuously, along the operator, the ratio 
l/s, corresponding to the value of the U(1)f charge and the z-component of the SU (2), 
corresponding to the difference between the number of ^-fields and the number of 
7L 2 -fields (A a stands for U a or V a .) The R-charge is determined in term of I and s by 
the relation 3.15. 

Going back to our main problem in this section, the first task is to reobtain, from 
the field theory, the quantities y± } 2 and i (defined in (2.9)) that play an important role 
in the supergravity background. 

We start by writing the charges of a chiral operator made out of n + operators £+, 
n_ £_'s and s operators S composed to maximum £77(2) spin J. The result is 

Qf = V n + ~~ P n ~ — P n a (3.18) 

p + q p — q 11 
J = n + — \-s = -{pn + 2s) + -qn a (3.19) 

Q R = n + (p + q-^+n-(p-q + ^+ 2s = (pn + 2s) + (q - j^j n a (3.20) 

where we introduced n = n + + n^ and n a = n + — n_. We see that we can use n a instead 
of Qf. Furthermore, n and s appear only in the combination pn + 2s which follows 
from the fact that actually £ + £- ~ S p in the chiral ring. This means that there are 
only two independent numbers and therefore from (3.19) and (3.20) a relation between 
the charges follows 

Q R -2J = -^n a (3.21) 

So, t~ x has appeared as a natural unit for U(1)f charge. We can define two new 
variables: 

P a = ^, and yo = -^~ (3.22) 

Therefore, in the field theory, yo is the relation between U(l) f and R-charges for a given 
operator. The range of yo is determined by noticing that its minimum and maximum 
values correspond to C + and £_ respectively, namely for n_ = s = and n + = s = 0: 

= (3 ' 23) 

^'-mMrr* (3 ^ 24) 

where we used the Qr charges of C + and £_ from table 3. In this way we recover, from 
the field theory, that 

yi < y < y 2 (3.25) 
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If we rewrite now the charges (3.20) in terms of yo we get perfect agreement with (2.32) 
and (2.33): 

J = 1(1 - y )Q R , P a = -3y Q R (3.26) 

We have therefore identified the chiral operators with massless geodesies. Particular 
examples are: an operator made out only of C + with the geodesic at yo = yi, one made 
out only of £_ with the geodesic at y = y 2 and one made out of equal number of C + 
and £_ with the geodesic at yo = 0. 

4. The field theory at A -> 

Since BPS operators are protected, the matching between chiral primary operators 
and massless geodesies is valid at generic points on the conformal surface of the y p,q 
quivers. The SU(2) invariant points on the conformal manifolds are parametrized by 
two complex parameters 8 . On the string side [39, 61, 74], these parameters are the 
complex dilaton (g s ) and the vev of the 5-fields (RR and NSNS) on the 2-cycle present 
in the manifold S 2 x S* 3 . 

On the string side we further considered a set of string states described by the 
effective action of sec. 2.2. Since these states are not BPS the effective action is 
valid only in the regime g s <C 1 (to ignore string loops) and small curvature, namely 
A = (R/l s )* = g s N > 1. 

In the case of M = 4 this effective action can be compared to a similar action derived 
from the field theory in the opposite regime A <§; 1 (which can also be interpreted as 
taking g s to zero keeping iV fixed and large). In our case, since the effective action 
is proportional to A, a naive extrapolation to A small suggests that, in that regime, 
the result might be interpreted as a small perturbation around a point with A = 0. If 
such a point exists (actually should be a line) it is special since all the semiclassical 
operators described by the reduced action would satisfy A = 3/2Q R . 

In the case of M = 4 SYM (and orbifolds thereof), this point is the free theory. 
In the case of the conifold [55] there is a line of conformal fixed points with vanishing 
superpotential which is part of the conformal manifold. Having W = implies that 
all chiral operators are chiral primaries, or BPS, operators; in other words the chiral 
ring is much bigger on this line, depicted in fig. 1. This means that this particular line 
should be identified with the A = point as suggested in [73] where the BMN limit of 
the conifold was studied. Notice that the gauge couplings are not zero which precludes 
doing standard perturbation theory. Rather, one should do conformal perturbation 
theory on a marginal perturbation given by the quartic superpotential. 

8 In [55] a description of the full conformal manifold is given. 
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Figure 1: Space of cou- 
plings for the conifold 
field theory with no su- 
perpotential. The con- 
formal manifold is indi- 
cated. 



As a last preliminary example, for the y 2,0 quiver in the 
"single impurities phase", this W = conformal line has an 
enhanced chiral ring and a global symmetry SU(2) 4 . What is 
interesting here is that one can Seiberg dualize [76] this phase 
with W = 0, obtaining a special line on the "double impurity 
phase" [74]; in this dual description there are the standard 
Seiberg M.qq superpotential terms, so the superpotential does 
not vanish. We conclude that A = on the string side is not, 
in general, equivalent to W = on the gauge side. 

We can now consider a generic y p,g quiver. In this case 
the superpotential has cubic and quartic terms. Since there 
are several terms in the superpotential we do not expect to be 
able to cancel all of them since we can only vary two param- 
eters on the conformal surface. If only gauge couplings are turned on, the conformal 
dimension decreases and we can never get to the conformal manifold where for example 
the V^-fields have R-charge larger than 2/3 9 . We conclude that, at least for the toric 
phases, there is no point on the conformal manifold with vanishing superpotential. 

In fact this problem was studied in [70], where it is pointed out that, if a IR 
conformal manifold exists 10 , it is sufficient that one gauge group is asymptotically free 
in order to be able to flow from the free theory to the conformal manifold but, in order 
to reach this point, the superpotential couplings are crucial. For the y p,q models, the 
flow has been qualitatively described in [55]: one flows at first the Np = 2Nq nodes, 
then some cubic superpotential terms and so on. 

We can actually go further by using an idea of Kutasov [77], that can be thought 
of as extending the a-maximization procedure of Intriligator and Wecht [45] away from 
the conformal manifold. In our case this consists in introducing 2p Lagrange multipliers 
\=i...2p, one f° r eac h gauge g rou P, and /ifc=i... p + (? , one for each term in the superpotential. 
We can define a as: 



3tr (i? - l) 3 - tv(R (tr(e 4 (i? - 1)) + 2) + ^ fi k {tr{u k R) - 2) (4.f 



where q is a diagonal matrix in the space of fields which is 1 or if the corresponding 
field is charged or not with respect to the z-gauge group. The same for v k which is 1 or 
if the field appears or not in the fc-th term in the superpotential. If we maximize a with 
respect to the R-charges they become functions of the Lagrange multipliers (Xi,fi k ). It 
was further argued in [77] that the Lagrange multipliers can be used to parameterize 

9 The presence of fields with Qr > 2/3 follows, directly, from the presence of nodes with Np = 3Nq- 
10 This is not the case for a generic AT = 1 quiver theory. 
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the space of couplings. Although the relation between the couplings and the multipliers 
is still somewhat conjectural, one thing is clear: a coupling is zero if and only if the 
corresponding Lagrange multipliers is zero, since the corresponding constraint has not 
to be imposed. We want to see now if, on the conformal surface, we can make some 
of the Lagrange multipliers to vanish. Since we are on the conformal surfaces we have 
to impose anomaly cancellation conditions. After that one can see, working in specific 
examples, that one can put some quartic terms in the superpotential to zero. (Here we 
are also using that all Lagrange multipliers are positive in the physical region of the 
couplings) . 

We can now understand the superpotential corresponding to A = 0. Decreasing 
A, all the couplings (taken in their absolute value) decrease. At some point a cou- 
pling becomes zero. This coupling has thus to correspond to a quartic term in the 
superpotential. 

Having a vanishing superpotential coupling generates a change in the chiral ring 
of the theory but it is not obvious that the holomorphic long operators corresponding 
to the semiclassical strings of sec. 2.2 become protected. To see that we focus on an 
example, y 4,3 , which should clarify the general structure. 

Consider the operator £ + in the y 4 ' 3 quiver. 



C+ = tr(ZUVUVUVU) 



(4.2) 



To be chiral primary, namely not a descendant, C + 
has to transform in the spin-7/2 representation of SU (2), 
as follows from using the F-term relation of the F-field 
entering in the cubic terms. If we multiply two C + op- 
erators, for W4 7^ 0, we saw in sec. 3.2 that we get 
an operator that transform in the spin-7 representation 
(with 15 states), of the form 



tr(Z UVUVUVU Z UVUVUVU) 



(4.3) 




Figure 2: Quiver diagram 
corresponding to y ,3 . 



If W4 = 0, however, there are more than 15 states. The 
reason is that one cannot use the F-term relations com- 
ing form the quartic terms to move the SU(2) spins from the first UVUVUVU block 
to the second UVUVUVU block. More generally, operators of the form (£+) n contain 
a number of states that grows as 8™ if W4 = and as 8n if W4 7^ 0. It is also possible 
to see that the spin-1 S operator gets enhanced to spin-(l © 0). This S operator with 
J = generates an exactly marginal deformation, which is precisely the conformal line 
parameterized by g s . 
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What happens is thus that, at W4 = 0, the chiral ring is much larger which leads 
us to identify this point with A = although it is not true that all chiral operators are 
in the chiral ring. 

We consider now semiclassical operators at the W4 = point. Let us focus for 
simplicity on operators of the form (£+)"• These correspond to semiclassical strings 
moving only on the round two-sphere, satisfying y(a, r) = y 1 . A class of operators of 
the form (C+) n is as follows: 



where R(9i,(pi) is an SU{2) rotation applied to C+ (which has maximum z-spin P^). 
Taking n to be large, and the angles (6>j, 0j) which parameterize the rotation to vary 
smoothly with i, we see that we are constructing a semiclassical string extended along 
the S 2 sphere parameterized by (0,0). This is similar to what happens in the SU(2) 
sector of M = 4 operators [18]. Reconstructing the directions y and (3 is more involved 
and can be recovered from the results the next section (naively, the absence of the 
^-"-term relations coming from W4 implies that one cannot exchange C + with C ). We 
just emphasize that the important point here is that a generic operator like (4.4), at 
W4 = 0, is BPS, and satisfies the relation A = 3/2Qr. 

5. Effective action for the spin chain 

In the previous sections we studied conformal primaries and compared them to the 
massless geodesies in the metric. As we just discussed, going further is difficult since the 
theories are strongly coupled and we cannot use a perturbative expansion to compute 
anomalous dimensions. In principle, as argued in the previous section, we should use 
conformal perturbation theory around a conformal point where some terms in the 
superpotential vanish. Instead of doing that, to simplify the problem, we are going to 
consider all terms of the superpotential on equal footing and extract a simple spin chain 
model that captures the generic features of the operator mixing that the superpotential 
produces. Even then we are going to simplify the problem further. From the point of 
view of the resulting spin chain what we are doing is trying to obtain the correct long 
distance physics so we expect that the microscopic details should not be important. 

Using coherent states we obtain an effective action for the spin chain which is 
similar to the one we derived from string theory, namely eq. (2.52) albeit with a 
different function p(y) . 

We analyze first the case of y 3 ' 2 which should make clear the generic case we discuss 
afterwards. 




(4.4) 
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5.1 Long paths in the y 3,2 quiver 

The quiver corresponding to y 3 ' 2 is depicted in figure 3. Gauge invariant operators 
correspond to closed paths in the quiver. An example is the outer counterclockwise 
loop that we called C + . Other important example is the operator It is a linear 
combination (with equal coefficients) of the three paths depicted in the figure and can 
be written as: 

£(3,2) = [t T (Y q UYY) + tr(Y q YUY) + tr(Y q YYU)] (5.1) 

Here, for clarity, we denoted as Y q the operator Y that appears in the quartic superpo- 
tential term tx{UY q U Z). We see that £_ is a mix of three operators where the operator 
U moves between three possible positions among the F's. This mixing comes from the 
cubic vertices of the superpotential as can be seen in the example of figure 4. The 
mixing matrix induced by these vertices is proportional to 



(5.2) 



The off-diagonal terms correspond to the mixing. The diagonal terms come also from 
the superpotential. They have opposite sign due to the relative sign between different 
terms in the superpotential and one is double of the others since, for that state, the U 
has two neighboring F's. Instead, when the U is between Y q and Y only the Y counts 
since there is no term in the superpotential involving U and Y q (and no Z) . We wrote the 
mixing matrix as H since one can think of it as a Hamiltonian whose eigenvalues are the 
conformal dimensions. In this case we find the eigenvector 4^(1, 1, 1) with eigenvalue 
zero which is precisely The constant h denotes the superpotential couplings (and 
other factors appearing in the computation) and therefore cannot be taken to be small 
in general. This implies that to obtain the correct spin chain Hamiltonian one should 
use non perturbative techniques that sum all the diagrams. What is clear is that 
-^(1, 1, 1) is always a ground state, since it is a protected operator. 

Now we should investigate what happens for more generic operators, namely to all 
possible closed loops in the quiver. These loops form a basis in a Hilbert space. In such 
space we can define a Hamiltonian that converts a given path in a linear combination 
of all paths that can be obtained from it by using the "moves" of the type described 
in figure 4. 

In fact, to understand the dynamics of the paths it is better to plot the quiver in 
a plane where the two axis give the angular momentum J and U(1)f charge Qf- In 
figure 5 we can see such a plot. Each point is a vertex of the quiver and the operators 
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1 6 1 6 




Figure 3: Quiver diagram corresponding to y 3 ' 2 . We show, on the top left, the path £+. 
The other three paths are those whose symmetric linear combination is £- . 

U, V, Y and Z are the arrows plotted according to the J and Qp of each operator 
(see table 1). The diagram is infinite but periodic as is clear from the labels of the 
vertices. A closed path in the quiver is given here by an open path where the initial 
and end points should have the same label. The difference in the coordinates of the 
initial and final point determine the charges of the operator. This representation is 
similar to the doubly periodic representation of toric quivers dual to the dimer picture. 
However it is adapted to the fact that here we have an SU(2) global symmetry. In 
the general case, with only the toric U(l) x U(l) flavor symmetry, the U(l) charges of 
each bifundamental fields in the torus representation are in correspondence with the 
direction of the field. 

After trying different paths it is easy to see that although individual jumps can be 
done in several directions, in average, the slope of a path lies between the one corre- 
sponding to C- and C + . Also, for chiral primaries, this can be seen by parameterizing 
the slope in terms of y as in 3.26, 
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Figure 4: The superpotential generates mixing among the chiral operators, namely the closed 
paths in the quiver. Diagrams as the one shown on the right give mixing between paths that 
differ by the "move" shown on the left: 324 <-> 342. Here Fy denotes the F component of 
the chiral field V. The other moves are: 423 <-> 453, 534 <-> 564, 6125 <-> 645, 231 <-> 2561. 

We know, from the analysis of the previous section that, in the field theory (as in the 
string side) one has y\ < y < y 2 - So, in this case, the limit in the slopes that we 
mentioned is the same as (3.25). 

A simplification appears when we consider how the moves that determine the 
Hamiltonian are represented in this diagram. It is easy to see (as exemplified in figure 
5) that they simply correspond to moving the path across the polygons or faces in the 
diagram. For example we can convert . . . 564 . . . into . . . 534 . . . etc. In this way we can 
get from a given path all paths that join the two given vertices. In such moves, the 
number of operators is not conserved but the .R-charge is and therefore we can use the 
i?-charge as a measure of the length. 

One other thing to take into account is that not all moves have same weight, since 
they correspond to different terms in the superpotential. In particular, moving the path 
across a shadowed region in figure 5 requires the use of the quartic superpotential and 
therefore it is suppressed at the points with W4 — 0. This also shows that at this point 
there are semiclassical operators with a non trivial y(cr) satisfying A = 3/2Qr, similar 
to eq. (4.4). However, if we want to study very long paths, namely very large -R-charge, 
we can take a limit where the paths become continuous and the details of the diagram 
are irrelevant. What remains is the fact that there is a maximum and minimum slope 
for the paths. The Hamiltonian acting on a path produces infinitesimal deformations 
weighted by an effective coupling that vanishes at the special points with W4 = 0. 
Each path can be described (up to reparametrizations) by the slope as a function of 
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Figure 5: It is convenient to draw the quiver on a plane. The horizontal axis corresponds 
to the P a charge in £~ 1 units and the vertical axis to the total J (assuming that we compose 
the operators to maximum SU(2) spin). The "moves" that convert one path into another are 
now very simple as exemplified in the figure where the solid path can take alternative routes 
depicted with dashed lines according to the "moves" 564 — > 534 and 645 — ► 6125. 



a, the coordinate along the path. We associate the slope to the variable y. Since this 
is configuration space, in the classical limit we need also a momentum conjugate to y 
that turns out to be the angle (3. Furthermore, each portion of path has an angular 
momentum A J = |(1 — y)AQji which can be oriented in a direction parameterized by 
two angles (0,(f>). In this way we see that each path is determined by four variables 
function of a. Therefore, the path itself becomes the string that we found on the string 
side! 

To be more precise we have to compute the action for these paths as determined 
by the Hamiltonian. 

One can consider a related, discrete model, where the paths have the same proper- 
ties and therefore should be described by the same long distance physics (long distance 
in the sense of the paths). The model is depicted in figure 6. We consider the lattice 
formed by the dashed lines which are parallel to the directions determined by C + and 
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The parallel lines are one unit of R-charge from each other. Consider the points 
A, B and C lying in a line of equal R-charge. From the origin to the points A (or B) 
there is only one path corresponding to a chiral primary operator. However, to a point 
such as C there are many path that should be entangled. The Hamiltonian is taken to 
be the one that moves a path across one parallelogram. 

J 




Figure 6: Effective description of the lattice in fig. 5. We tile the wedge where paths 
are contained by parallelograms whose sides carry one unit of -R-charge. In this way lines 
of constant ii-charge are such as ACB. The moves are similar as in the other case. For 
example the twos path shown are connected by applying four moves and therefore mix under 
renormalization. 

More precisely, if we describe the paths as 
with charges 

A: Qr = 1, Ji = k(i- 
£ 2 : Qr = 1, .72 = 5(1- 
the Hamiltonian can be written as 

L 

t=i 

where Pa+i is the permutation operator between neighboring sites 11 . The identity is 
included so that we do not get corrections to operators made out only of £i's (or ZVs). 

11 Similar expressions are familiar in the JV = 4 case [11, 78] 



a succession of two effective operators 



>(i) 
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y 2 ), Pa ] = Sy 2 



yi ), Pk L) = -3yi 



( 2 ) (5-4) 
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The coefficient h e Q is an effective coupling that should be computed by matching to 
the description in the quiver. The Hamiltonian permutes C±C 2 into £ 2 £i which moves 
the path across the lattice in a similar way as happens in the quiver. is small 

when W4 ~ 0, since without one quartic coupling one cannot permute C\ and £ 2 . 

In the continuum limit the paths in this lattice are continuous paths such that 
the slope is contained between the ones of C\ and £ 2 and the Hamiltonian moves 
such paths around. Since the continuum description is the same we expect that this 
simplified model is described by the same effective action as the one in the quiver. 

Perhaps a more detailed analysis can be desirable but we do not expect that changes 
this simple picture. 

We can now analyze the operators constructed out of C\ and £ 2 . However at this 
point it is clear that we can repeat the discussion for any y p ' q quiver and the result 
will be the same except with different values of y\ and y 2 . So we proceed now to the 
generic case. 

5.2 Closed paths in 

In the previous subsection we argued that long operators in the quiver can be modeled 
by operators constructed out of the two effective operators defined in eq.(5.4) with 
Hamiltonian (5.5). We now want to derive a classical action that describe the dynamics 
of these paths in the limit in which they are very long. 

At first sight, such paths seem equivalent to a Heisenberg model if we associate e.g. 
C\ to spin up and £ 2 to spin down. However we should remember that C\ and £ 2 also 
carry £77(2) spin (given by J\ and J 2 ) and therefore we need two angles to describe 
their orientation. Nevertheless in deriving the classical action it is clear that we can 
apply the same coherent state techniques that are useful in the Heisenberg model. 

Following the method of coherent states, we are going to consider operators of the 
type 

io>=nic><> ^ 

i=l 

where we used \0) to denote an operator to emphasize that we also consider it as a 
state of a physical system. Also, Qr is the length, namely 7?-charge of the operator 
since we chose elementary jumps each with a unit i?-charge. The operators Oi are 
defined as a linear combination of C± and £ 2 : 

2 

Oi = ^Pia^^^^^Ca (5.7) 
a=l 
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Here we took C\ and £2 to have maximum projection in the direction S3 of SU(2) 
and then applied a rotation U(9i, (f>i,ipi) parameterized by three Euler angles 
These angles are slowly varying with % which implies that the total 577(2) spin is not 
maximal and therefore the operator is not primary. One other point is that since P a as 
defined in (3.22) is quantized in units of t~ x the range of variation of a is < a < 2n£ 
in agreement with (2.6). 

The coefficients p a determine the relative weight between C\ and £2 and therefore 
correspond to the slope of a particular piece of the path. They have to satisfy the 
conditions 

Pi + P2 = 1 > y\p\ + yip\ = y (5.8) 

In fact this can be taken as the definition of y as the mean value of the slopes y\ and 
y 2 . It implies that J and P a are given by 

J = .hp\ + .h P \ = \{\-y) (5.9) 
Pa = pS-Vi + p^pI = -3y (5.10) 

which are by now familiar expressions (if we remember that Qr = 1 for this effective 
operators). In terms of y we can write p\ and P2 as 

2 U2-y 2 y-yi 

Pi = , P2 = (5-11) 

2/2 - 2/i 2/2 - yi 

Here y should also be consider to be a slowly varying function of i. 

Finally the angle ctj determines the relative phase in the linear combination and, 
in the coherent state action turns out to be the canonical conjugate of the variable y^. 

Since a global phase is irrelevant there is a redundancy between ip and a that we 
are going to resolve later by an appropriate "gauge choice" . 

The classical action for the coherent states is given by 

5 = J drlm(0\^-\0) - J dr(0\H\0) (5.12) 
where the Hamiltonian was given in eq.(5.5). Its mean value is: 

(0\H\0)= ^V-|(<m +1 >| 2 ) (5-13) 
i=i 

where we identified the legth L of the chain with the total R-charge Qr. It can be 
computed in the continuum limit in an expansion in derivatives. Up to second order it 
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gives, after a somewhat lengthy but simple computation: 

(0\H\0) = \ I"* da{ j^{d aPa f + {{D^af) - {D^af (5.14) 

1 J 1 a =l 

2 

+ ^P^((^) 2 + sin 2 ^ 2 ) } (5.15) 

a=l 

where, for brevity we defined 

D^a = Pi a) d a a + J a (d a i[> + cos0d a <f)) (5.16) 

and (...) denotes average in the sense (£ a ) = p 2 £i + p 2 ,^- 
Doing the change of variables 

we obtain that 

Dj?> a = (d a (3 + cos ed a (j>) + \ (d^ + cos ed a <j>) (5.18) 
bi 2 

We see now explicitly the redundancy between if) and a (or (3 and ip now). We can fix 
this ambiguity by choosing 

d a ip + cos 6d a <p = y (d a (3 + cos 6d a <p) (5.19) 

to agree with eq.(2.50). We can therefore write 

D^a = (4^ + \v) (d a (3 + cosed^) (5.20) 
o 2 



We can now compute 

(£>w a > = i^pli^r + \y) ^ + cos ^) = ( 5 - 21 ) 

and 



p( a ) 

a=l 



{{D^af) = j^pl(^+ l -yf ( d ^ + CO, 9d^f = ±(y- yi )(y 2 -y) (d a /3 + COS Qd^f 
a=l 

(5.22) 
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which together with 

2 1 

E^ J « = 2 {1 ~ y) (5 - 23) 

a=l 

completes the evaluation of (0\H\0). Replacing in the action we get 



S = I drda 
2tt 



^d T ip - ^yd T (3 + ^(1 - y) cos0d T 



(5.24) 

/ dTda { (1 " y) ^ dJ)2 + sin ^ ( ^ 0)2 ] (5 ' 25) 
(<l!j) ~ +(y- yi)(y 2 - y) + cos^0) 2 1 (5.26) 



(y2-y)(y-yi) 

where we also computed the Wess-Zumino term using similar methods and < a < 2tt. 

Comparing with (2.52) one has to identify with A. We see that there is 
agreement, except that the function p(y) is different. However the function p(y) that we 
obtained also vanishes at y = y\ and y = yi and can be consider as a first approximation 
to the actual p(y). 

It is clear that the rest, namely the dependence in the angles, is largely determined 
by symmetry so the partial agreement does not seem like a big accomplishment. How- 
ever the purpose here was to derive this action directly from the field theory without 
reference to the AdS/CFT correspondence. From that point of view it is not even clear 
that such action should exist and the mere fact that one can find a string representation 
for these operators in the field theory should be considered as a check of the relation 
between strings and gauge theories. Moreover it is plausible that in the infrared of the 
world sheet this model flows to the one derived from the string side. We leave this 
problem for future work. 

It would also be nice to apply this procedure to other examples, as the ones dis- 
cussed in [75]. 

One final point is that we can find again a local Kahler potential for this model of 
the form 

K = -{ In \y - Vl \ + In \y 2 - y\) (5.27) 

I y2 - yi 2/i — 2/2 J 

with complex coordinates 

5(2/2-2/1) 



Zl = smQ e -*^-« ( y^-JL j (5.28) 
z 2 = cos(-)e-^) (— — ^ J (5.29) 

2 \y-yij 
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6. More general operators 

In the string analysis we found massless BPS geodesies which we mapped to chiral pri- 
mary operators. After that we extended the result to certain excited strings which gave 
chiral operators which for large R-charge Qr have anomalous dimensions (A — 3/2Q_r) 
of order ^4-, where A is the string tension. 

^R 

Now we want to extend the discussion to massless strings moving along non-BPS 
geodesies. As seen in section 2, in that case the conformal dimensions do not depend 
on A at least in the region of large A in which the results are valid. This suggests that 
these operators might be protected, namely, their conformal dimension do not depend 
on the point of the conformal manifold where they are computed. As a particular 
case one can consider geodesies which move close to a BPS geodesic or large R-charge 
Qr. As we show below, the conformal dimension A of the corresponding near BPS 
operators behaves as A = \Qr + SA + O (j^J where 5 A is of order 1 in an expansion 
for large R-charge. In the limit of large A, S A is independent of A since A is. A more 
conservative point of view is to suggest that only the first correction 8 A is protected. 
In the rest of the section we find a description of the corresponding operators and leave 
further consideration about the dependence on A for future study. 

Notice that this problem is absent in the M — 4 case since there all massless 
geodesies in the S 5 are protected. The discussion is therefore closer to what was 
discussed for the T 1 ' 1 background in [71, 72] through an analysis of the Laplacian and 
in [73] in terms of the Penrose limit. 

Before starting, however, let us recall that there are more protected short operators 
than the chiral primaries (namely those annihilated by T>). These are the conserved 
currents, which are annihilated by T> 2 and T> 2 and thus satisfy shortening conditions as 
well. Their conformal dimension is independent of the coupling, but for them A ^ \Qr. 

In general, our analysis leads to a proposal for the structure of the generic scalar 
operators (built out of the bifundamental fields) dual to supergravity states. The scaling 
dimension of these operators should thus be independent of the conformal couplings, 
at least in the large N limit. For these operators we are able to provide the 3 Abelian 
charges, but not the precise scaling dimension. It would be interesting to macth the 
counting of these states from the gauge theory and the gravity point of view, performing 
an analysis of the Laplacian spectrum on the y p ' q . 12 

6.1 Protected building blocks 

We consider in this subsection the building blocks, or 'minimal' operators. Let us 

12 Note added: after this work appeared, some properties of the general Laplacian spectrum for the 
yp^s have been studied in [79]. 
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start from a simple, well known, example. In the special case of the conifold, which is 
also y 1 ' , minimal operators are quadratic in the bifundamental fields. More precisely, 
all bilinear gauge invariant operators (except the Konishi operator) of the conifold 
field theory are protected, and can be recognized as 4 chiral operators of the form 
tr(AB), 4 antichiral operators tr(BA), and 7 real operators, tr(AA + BB), that are 
part of supermultiplets containing the conserved currents of the global non-R symmetry 
SU(2) x SU{2) x U(l) B . 

For general p and q, the simplest protected operators satisfying A > 3/2Qr are, 
as above, conserved currents, that are easy to describe. The global symmetries of the 
y p ' q quivers are SU(2) x(7(1)jtX[/(1)bX U(1)r, so there are six conserved currents, 
whose dimension on the full conformal manifold is 3. For the non-R symmetries, these 
currents are part of real multiplets /C, quadratic in the bifundamental fields, satisfying 
the condition 

V 2 IC = V 2 IC = (6.1) 
and can be easily written down explicitly, using Table 1 

Ksum = E <>U{UiU! + V?Vf +1 ) (6.2) 
i=i 

i=i 

(The baryonic current has a very similar structure). These protected operators have 
vanishing values for Qr and Qp, their scaling dimension A is 2. The 5'C/(2)-current 
has J = 1, so there is one operator with vanishing spin-z: P 9 = 0. 

Also here we see a generic feature of toric superconformal quivers: there are always 
two uncharged flavor currents, corresponding to the two non-R U(l) isometries of 
the toric Sasaki-Einstein manifold. In the case of the y p ' q this generic isometry is 
enhanced to SU(2) x U(1)f, and there are two more length-2 protected operators. 
This is precisely analog to the situation of Sec. 3.1, note indeed that the two currents 

wind around the short homology cycle of the torus. 

Up to now we exhibited a class of operators satisfying a shortening condition, that 
are thus protected by the superconformal algebra. Their BPS conditions are very well 
known in 4D superconformal field theories. Now we propose an extension of this class. 

Let us start from the long chiral operator C + , of the form UVUVUVUZUZU . . .. 
Now substitute a piece UV, or VU, or UZU, with the 'nearby' antichiral operator Y 
and symmetrize this 'impurity' all over the quiver. To be explicit, in the case of y A ' 3 , 
one passes from 

C + = tr{UVUVUVUZ) (6.4) 
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to 



YUVUVUZ + UYVUVUZ + UVYUVUZ + (6.5) 
UVUYVUZ + UVUVYUZ + UVUVUYZ + VUVUVY (6.6) 

Notice that this new operator is not BPS. It is clear that it is minimal, the only way 
to have a gauge invariant operator is to take one single trace. 

Our proposal is that, if the position of the impurity, or 'shortcut', is symmetrized 
over the quiver and the SU(2) spin J is taken to be the largest possible, these are 
precisely the operators that correspond to single particle AdS 5 supergravity states, and 
should thus be protected at least in the large N limit. It should be possible to see their 
duals by studying the scalar Laplacian on the y p ' q manifolds, as has been done for y 1 ' 
in [71] [72]. 

This new operator can be thought of as C + 'divided' by the short chiral loop S 1 
and multiplied by the conserved current JCf- So the R-charge is Qr[C + ] — 2, the total 
spin is J[C+] — 1, while Qf does not change. 

It should be clear now how to add more 'shortcuts' to our original BPS operator 
C + , and generalize it to £+, n , where n is the number of shortcuts. In order to have 
a protected operator one has to fully symmetrize over the positions of the impurities 
and take the maximal 577(2) spin. The values of the 3 commuting U(l) charges simply 
adds, while the scaling dimensions, that we are not able to determine, should depend 
non linearly on n (for q < p). 

In the case of £_the length of the operators, the values of J and Qr can increase 
or decrease: one can replace a piece UY C with a V, or a Y q with a piece UZU. 

A similar procedure can be applied to the antichiral versions of C±. It is non trivial 
that in this way one can interpolate between chiral and antichiral operators. 

In Table 4 we give a list of the operators discussed. 



Meson 


spin J 


Qf 


Qr 


A 


S 


1 





2 


3 


K,p 











2 


£SU(2) 


1 








2 






+p 


P + Q - Ye ~~ 2n 


? 



Table 4: Charge assignments for some more general building blocks. The first three lines 
satisfy shortening conditions. 
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Let us emphasize again that we don't have a field theoretical proof of the fact that 
the operators we discussed are protected. We can however check that in the case of 
q = p and q = this is actually the case. 

For p = q (the quiver becomes an orbifold of the M = 4 SYM), it is easy to verify 
that our set of operators are precisely the orbifold descendant of the well known 1/2 
BPS chiral primaries of M = 4 SYM (notice indeed the 1/2 BPS operators in M = 4 
SYM are more than the chiral operator of a chosen M = 1 parameterization). 

Also in the case of p = (the quiver becomes an orbifold of the conifold) the set 
of operators we proposed fits the set of protected operators of the mother theory, that 
are known from the spectrum of the scalar Laplacian on the conifold [71, 72]. 

6.2 Near BPS massless geodesies 

In the previous subsection we proposed a set of minimal protected operators signifi- 
cantly larger than the set of minimal BPS operators. With these building blocks one 
can construct a lot of long operators. As for the BPS case, one has to symmetrize the 
impurities all over the quiver and all over the trace, and take the maximal SU (2) spin. 
We can use all the minimal operators, both the conserved currents and the C± jU op- 
erators. Notice that these symmetrizations imply that the operators are not localized 
in a particular point of the quiver. This has to be the case if one wants to compare 
with the geometry: for instance, taking orbifolds the quivers become bigger, while the 
number of supergravity states does not increase at all. 

Taking the limit of long operators one finds operators with constant densities of 
the three U(l) charges (because of the symmetrizations), so the operators corresponds 
to non BPS geodesies. 

From the gauge theory side, it is clear how to find the values of the 3 commuting 
U(l) charges, while we do not know what is the precise value of the scaling dimensions 
A. We can however give a quantitative treatment in the case of a small number of 
excitations around a long BPS operator. Let us consider a BPS geodesic with Q F > 
and add one, symmetrized, impurity. We want to understand the change in the scaling 
dimension A. For p = q it is obvious that, since the length of the operator decreases 
by 1 unit, 5 A = — 1. For p = the length of the operator changes by 2 units, and we 
know from [73] that, in the limit of infinite length, SA = —1. This can be obtained 
from the formulas for the Laplacian on T 1 ' 1 [71], taking the limit of large R-charge 
with a fixed number of 'impurities' or 'shortcuts' [73]. Imposing monotonicity in q for 
5 A, one concludes that for any q the change in the scaling dimension induced by one 
symmetrized shortcut is precisely —1. 

In the limit of operators of infinite length, satisfying a near BPS condition, we 
can thus find the scaling dimensions of our operators. (Note that this is similar to the 
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BMN limit, but much simpler, since we are sticking to operators symmetrized over the 
trace.) 

We can thus proceed and consider all the various oscillations leading from a BPS 
geodesic to a near BPS geodesic. All these impurities do not wind around the quiver, 
so the value of Qf does not change. 

• Adding or removing a chiral S operator simply changes a little bit the position 
of the geodesic (y and 9 values). This gives 5 A = ±3, 5Q R = ±2, 5 J = ±1. 

• Adding a IC F current gives SA = 2, 5Q R = 0, 5 J = 0. 

• Adding a K,su{2) current gives SA = 2, 5Q R = 0, 5 J = 1. 

• Adding a 'shortcut' gives SA = ±1, 5Q R = ±2, 5 J = ±1, 0. 

Notice that the addition of a shortcut can be thought of as a combination of a removal 
of a S and an addition of a /C, or viceversa. 

6.2.1 Near BPS massless geodesies from the geometries 

Now we want to study deviations from the BPS geodesies, namely when A > | Q R . 
We recall eq. (2.28): 

A 2 = (? Q R J + ^ (P a + 3yQ R ) 2 + 6 P (y)P> + JL (J 2 - P 2 ) (6.7) 

Appropriately quantizing this Hamiltonian is equivalent to solving the Laplacian oper- 
ator on the y p ' Q manifolds. Here we study small perturbations around a BPS geodesic. 
There are two non trivial perturbations, one leading to J > and one to P y ^ 0. 
In the first case (J > P^) we have 

ASA = J5J = 3Q R 5J = 2A5J, 5 A = 25 J (6.8) 

1 - 2/o 

where we used the relations (2.32) and (2.33) valid for the unperturbed geodesic. 

In the second case (P y ^ 0) we perturb y away form the minimum y = y$ + 5y and 
get a Hamiltonian for the perturbation 



H = -A 2 = - (-Qr) 2 + - 
2 2 1 2 ^ H 2 



R r .2 



(6.9) 



This is a standard harmonic oscillator with mass m = and angular frequency 

^ = 3Q R . This means that there are classical geodesies that oscillate in the y direction 
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around the BPS one. From the worldsheet point of view, these oscillations should be 
quantized. This leads to 

A 2 = (Iqr) + 2nu (6.10) 



2 



For a small variation we therefore get 



A5A = nu, 5A = ^n = ^n = 2n (6.11) 

To summarize, we found two non trivial types of perturbations characterized by: 

/) 5A = 2n 5Q R = 5P a = 5 J = n 

II) 5 A = 2n 5Q R = 5P a = 5.1 = 1 ' ' 

It is straightforward to see that combining these fluctuations with BPS fluctuations, 
that do not change A — 3/2Q R , one gets precisely the fluctuations found on the quiver 
side. 

7. Conclusions 

We have described the computation of a set of chiral primary operators in the y p ' q quiver 
gauge theories. Those operators were successfully matched to massless geodesies in the 
corresponding supergravity backgrounds. The matching gives the interpretation of the 
coordinate y in the bulk as the ratio between the U(1)f charge and the i?-charge of 
an operator (precisely P a = —3yQn). From the analysis of the operators one can find 
the maximum and minimum values of such ratio. They agree precisely with 1/2 and y\ 
as expected from the bulk. Small fluctuation around the BPS geodesies were identified 
with the insertion of conserved currents associated with the global charges. 

After that we analyzed very long operators. Such operators correspond to long 
loops in the quiver. The matrix of anomalous dimensions, induced by the superpo- 
tential has a simple description in term of moves that convert one path into another. 
Diagonalizing the matrix of anomalous dimensions reduces to the study of the dynamics 
of such paths. We constructed a simple model which we argued has the same behavior 
for long paths, namely in the continuum limit. Using the coherent state method we 
obtained a classical action which is similar but not the same as the one obtained from 
a limit of the string action. We suggest that in the infrared limit (in the sense of the 
spin chain) the action we found flows to the one from the bulk but we leave that point 
for future investigation. 

In any case it is encouraging that in these more complicated cases the string action 
can be reproduced at least in part by an analysis of the operators in the gauge theory. 
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A. Useful formulas 

Throughout the paper we used various relations that do not belong to any specific 
section. We decide to collect them here in the hope that can be useful to reproduce 
some of the calculations. The definitions of the functions and constant involved can be 
found in the main text. 



Relating f,q,w: 



f(y)-l = l-ri (a- 1 ) 

6 3w(y) 

l-y + Gyf(y) = q{y) (A.2) 



Relating y 12 * to p, q: 



P e = yf^ = --JL- (A.4) 
62/12/2 zpym 

Q R (C + ) = ~=^~ (A.5) 
3yi£ yi - yi 

<WC) = ^ = (A.6) 
V 2/2 - yi 
3 

yi + 2/2 + 2/3 = 2 ( A - 7 ) 

111 

ym + ym + 2/22/3 = — 1 1 — = (A. 8) 

2/1 2/2 2/3 



References 



[1] J. Maldacena, "The large N limit of superconformal field theories and supergravity," 
Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1998)], 
hep-th/9711200, 



- 39 - 



S. S. Gubser, I. R. Klebanov and A. M. Polyakov, "Gauge theory correlators from 
non-critical string theory," Phys. Lett. B 428, 105 (1998), [arXiv:hep-th/9802109], 
E. Witten, "Anti-de Sitter space and holography," Adv. Theor. Math. Phys. 2, 253 
(1998), [arXiv:hep-th/9802150], 

O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri and Y. Oz, "Large N field 
theories, string theory and gravity," Phys. Rept. 323, 183 (2000) 

[2] G. 't Hooft, "A Planar Diagram Theory For Strong Interactions," Nucl. Phys. B 72, 
461 (1974), "A Two-Dimensional Model For Mesons," Nucl. Phys. B 75, 461 (1974). 

[3] A. M. Polyakov, "Gauge fields and space-time," Int. J. Mod. Phys. A 17S1, 119 (2002) 
[hep-th/0110196]. 

[4] D. Berenstein, J. M. Maldacena and H. Nastase, "Strings in flat space and pp waves 
from N=4 super Yang Mills," JHEP 0204, 013 (2002) [hep-th/0202021]. 

[5] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, "A semi-classical limit of the 
gauge/string correspondence," Nucl. Phys. B 636, 99 (2002) [hep-th/0204051]. 

[6] S. Frolov and A. A. Tseytlin, "Semiclassical quantization of rotating superstring in 
AdS 5 x S 5 ," JHEP 0206, 007 (2002) [hep-th/0204226]. 

[7] S. Frolov and A. A. Tseytlin, "Multi-spin string solutions in AdS 5 x S" 5 ," Nucl. Phys. B 
668, 77 (2003) [hep-th/0304255]. 

[8] A. A. Tseytlin, "Semiclassical quantization of superstrings: AdS^ x S 5 and beyond," 
Int. J. Mod. Phys. A 18, 981 (2003) [hep-th/0209116]. 

[9] A. A. Tseytlin, "Spinning strings and AdS/CFT duality," hep-th/0311139. 

[10] H. J. de Vega, A. L. Larsen and N. Sanchez, "Semiclassical quantization of circular 
strings in de Sitter and anti-de Sitter space-times," Phys. Rev. D 51, 6917 (1995) 
[hep-th/9410219]. 

[11] J. A. Minahan and K. Zarembo, "The Bethe-ansatz for N = 4 super Yang-Mills," 
JHEP 0303, 013 (2003) [hep-th/02 12208]. 

[12] N. Beisert, J. A. Minahan, M. Staudacher and K. Zarembo, "Stringing spins and 
spinning strings," JHEP 0309, 010 (2003) [hep-th/0306139]. 

[13] N. Beisert, S. Frolov, M. Staudacher and A. A. Tseytlin, "Precision spectroscopy of 
AdS/CFT," JHEP 0310, 037 (2003) [hep-th/0308117]. 

[14] G. Arutyunov, S. Frolov, J. Russo and A. A. Tseytlin, "Spinning strings in AdS a x S n d 
integrable systems," Nucl. Phys. B 671, 3 (2003) [hep-th/0307191]. 



- 40 - 



[15] G. Arutyunov, J. Russo and A. A. Tseytlin, "Spinning strings in AdS : x S ew 
integrable system relations," Phys. Rev. D 69, 086009 (2004) [hep-th/ 03 11004]. 

[16] G. Arutyunov and M. Staudacher, "Matching higher conserved charges for strings and 
spins," JHEP 0403, 004 (2004) [hep-th/0310182]. "Two-loop commuting charges and 
the string / gauge duality," hep-th/0403077. 

[17] J. Engquist, J. A. Minahan and K. Zarembo, "Yang-Mills duals for semiclassical strings 
on AdS t x S'' JHEP 0311, 063 (2003) [hep-th/0310188]. 

[18] M. Kruczenski, "Spin chains and string theory," hep-th/0311203. 

[19] A. Mikhailov, "Speeding strings," JHEP 0312, 058 (2003) [hep-th/0311019]. 
A. Mikhailov, "Slow evolution of nearly-degenerate extremal surfaces," 
hep-th/0402067. A. Mikhailov, "Supersymmetric null-surfaces," hep-th/0404173. 

[20] A. Gorsky, "Spin chains and gauge / string duality," hep-th/0308182. 

[21] D. Mateos, T. Mateos and P. K. Townsend, "Supersymmetry of tensionless rotating 
strings in AdS 5 x S 5 , and nearly-BPS operators," hep-th/0309114. "More on 
supersymmetric tensionless rotating strings in AdS^ x S" 5 ," hep-th/0401058. 

[22] V. A. Kazakov, A. Marshakov, J. A. Minahan and K. Zarembo, "Classical/quantum 
integrability in AdS/CFT," hep-th/0402207. 

[23] M. Kruczenski, A. V. Ryzhov and A. A. Tseytlin, "Large spin limit of AdS§ x S 5 

string theory and low energy expansion of ferromagnetic spin chains," hep-th/0403120. 

[24] R. Hernandez and E. Lopez, "The SU(3) spin chain sigma model and string theory," 
JHEP 0404, 052 (2004) [hep-th/0403139]. 

[25] B. J. Stefanski and A. A. Tseytlin, "Large spin limits of AdS/CFT and generalized 
Landau-Lifshitz equations," JHEP 0405, 042 (2004) [arXiv:hep-th/0404133]. 

[26] H. Dimov and R. C. Rashkov, "A note on spin chain / string duality," 
arXiv:hep-th/0403121. 

[27] M. Kruczenski and A. A. Tseytlin, "Semiclassical relativistic strings in S**5 and long 
coherent operators in N = 4 SYM theory," JHEP 0409, 038 (2004) 
[arXiv:hep-th/0406189]. 

[28] R. Hernandez and E. Lopez, "Spin chain sigma models with fermions," JHEP 0411, 
079 (2004) [arXiv:hep-th/0410022]. 

[29] M. Kruczenski, "Spiky strings and single trace operators in gauge theories," 
arXiv:hep-th/0410226. 



- 41 - 



[30] B. J. Stefanski and A. A. Tseytlin, "Super spin chain coherent state actions and 
AdS(5) x S**5 superstring," arXiv:hep-th/0503185. 

[31] S. Bellucci, P. Y. Casteill and J. F. Morales, "Superstring sigma models from spin 
chains: The SU(1,1|1) case," arXiv:hep-th/0503159. 

[32] D. Berenstein, D. H. Correa and S. E. Vazquez, "Quantizing open spin chains with 
variable length: An example from giant gravitons," arXiv:hep-th/0502172. 
Y. Susaki, Y. Takayama and K. Yoshida, "Open semiclassical strings and long defect 
operators in AdS/dCFT correspondence," arXiv:hep-th/0410139. 

[33] N. Beisert, A. A. Tseytlin and K. Zarembo, "Matching quantum strings to quantum 
spins: One-loop vs. finite-size corrections," Nucl. Phys. B 715, 190 (2005) 
[arXiv:hep-th/0502173]. 

R. Hernandez, E. Lopez, A. Perianez and G. Sierra, "Finite size effects in ferromagnetic 
spin chains and quantum corrections to classical strings," arXiv:hep-th/0502188. 
I. Y. Park, A. Tirziu and A. A. Tseytlin, "Spinning strings in AdS(5) x S**5: One-loop 
correction to energy in SL(2) sector," JHEP 0503, 013 (2005) [arXiv:hep-th/0501203]. 
S. A. Frolov, I. Y. Park and A. A. Tseytlin, "On onedoop correction to energy of 
spinning strings in S(5)," Phys. Rev. D 71, 026006 (2005) [arXiv:hep-th/0408187]. 
H. Fuji and Y. Satoh, "Quantum fluctuations of rotating strings in AdS(5) x S**5," 
arXiv:hep-th/0504123. 

[34] K. Peeters, J. Plefka and M. Zamaklar, "Splitting strings and chains," Fortsch. Phys. 
53, 640 (2005) [arXiv:hep-th/0501165], 

K. Peeters, J. Plefka and M. Zamaklar, "Splitting spinning strings in AdS/CFT," 
JHEP 0411, 054 (2004) [arXiv:hep-th/0410275]. 

[35] V. M. Braun, S. E. Derkachov and A. N. Manashov, "Integrability of three-particle 

evolution equations in QCD," Phys. Rev. Lett. 81, 2020 (1998) [arXiv:hep-ph/9805225], 
V. M. Braun, S. E. Derkachov, G. P. Korchemsky and A. N. Manashov, "Baryon 
distribution amplitudes in QCD," Nucl. Phys. B 553, 355 (1999) 
[arXiv:hep-ph/9902375], 

A. V. Belitsky, "Integrability and WKB solution of twist-three evolution equations," 
Nucl. Phys. B 558, 259 (1999) [arXiv:hep-ph/9903512], 

A. V. Belitsky, "Fine structure of spectrum of twist-three operators in QCD," Phys. 
Lett. B 453, 59 (1999) [arXiv:hep-ph/9902361]. 

[36] J. M. Maldacena and C. Nunez, "Towards the large N limit of pure N = 1 super Yang 
Mills," Phys. Rev. Lett. 86, 588 (2001) [arXiv:hep-th/0008001]. 

[37] A. Butti, M. Grana, R. Minasian, M. Petrini and A. Zaffaroni, "The baryonic branch of 
Klebanov-Strassler solution: A super symmetric family of SU(3) structure 
backgrounds," JHEP 0503, 069 (2005) [arXiv:hep-th/0412187]. 



-42- 



[38] S. S. Gubser, C. P. Herzog and I. R. Klebanov, "Variations on the warped deformed 
conifold," Comptes Rendus Physique 5, 1031 (2004) [arXiv:hep-th/0409186]. 

[39] I. R. Klebanov and E. Witten, "Superconformal field theory on three-branes at a 
Calabi-Yau singularity," Nucl. Phys. B 536:199-218,1998. arXiv:hep-th/9807080 

[40] J. P. Gauntlett, D. Martelli, J. Sparks and D. Waldram, "Supersymmetric AdS(5) 
solutions of M-theory," Class. Quant. Grav. 21, 4335 (2004) [arXiv:hep-th/0402153]. 

[41] J. P. Gauntlett, D. Martelli, J. Sparks and D. Waldram, "Sasaki-Einstein metrics on 
S(2) x S(3)," arXiv:hep-th/0403002. 

[42] J. P. Gauntlett, D. Martelli, J. F. Sparks and D. Waldram, "A new infinite class of 
Sasaki-Einstein manifolds," arXiv:hep-th/0403038. 

[43] D. Martelli and J. Sparks, "Toric geometry, Sasaki-Einstein manifolds and a new 
infinite class of AdS/CFT duals," arXiv:hep-th/0411238. 

[44] S. Benvenuti, S. Franco, A. Hanany, D. Martelli and J. Sparks, "An infinite family of 
superconformal quiver gauge theories with Sasaki-Einstein duals," 
arXiv:hep-th/0411264. 

[45] K. Intriligator and B. Wecht "The exact superconformal R symmetry maximizes A," 
Nucl. Phys. B 667, 183 (2003). arXiv:hep-th/0304128. 

[46] D. Anselmi, D. Z. Freedman, M. T. Grisaru and A. A. Johansen, "Nonperturbative 
formulas for central functions of supersymmetric gauge theories," Nucl. Phys. B 526, 
543 (1998) [arXiv:hep-th/9708042]. 

D. Anselmi, J. Erlich, D. Z. Freedman and A. A. Johansen, "Positivity constraints on 
anomalies in supersymmetric gauge theories," Phys. Rev. D 57, 7570 (1998) 
[arXiv:hep-th/9711035]. 

[47] D. Martelli, J. Sparks and S. T. Yau, "The geometric dual of a-maximisation for toric 
Sasaki-Einstein manifolds," arXiv:hep-th/0503183. 

[48] A. Hanany and K. D. Kennaway, "Dimer models and toric diagrams," 
arXiv:hep-th/0503149. 

[49] S. Franco, A. Hanany, K. D. Kennaway, D. Vegh and B. Wecht, "Brane dimers and 
quiver gauge theories," arXiv:hep-th/0504110. 

[50] A. Hanany and E. Witten, "Type IIB superstrings, BPS monopoles, and 
three-dimensional gauge dynamics," Nucl. Phys. B 492, 152 (1997) 
[arXiv:hep-th/9611230]. 



- 43 - 



[51] A. Okounkov, N. Reshetikhin and C. Vafa, "Quantum Calabi-Yau and classical 
crystals," arXiv:hep-th/0309208. 

[52] O. Aharony and A. Hanany, "Branes, superpotentials and superconformal fixed 
points," Nucl. Phys. B 504, 239 (1997) [arXiv:hep-th/9704170]. 

0. Aharony, A. Hanany and B. Kol, "Webs of (p,q) 5-branes, five dimensional field 
theories and grid diagrams," JHEP 9801, 002 (1998) [arXiv:hep-th/9710116]. 

[53] A. Hanany and A. Zaffaroni, "On the realization of chiral four-dimensional gauge 
theories using branes," JHEP 9805, 001 (1998) [arXiv:hep-th/9801134]. 

A. Hanany and A. M. Uranga, "Brane boxes and branes on singularities," JHEP 9805, 
013 (1998) [arXiv:hep-th/9805139]. 

M. Aganagic, A. Karch, D. Lust and A. Miemiec, "Mirror symmetries for brane 
configurations and branes at singularities," Nucl. Phys. B 569, 277 (2000) 
[arXiv:hep-th/9903093]. 

B. Feng, A. Hanany, Y. H. He and A. M. Uranga, "Toric duality as Seiberg duality and 
brane diamonds," JHEP 0112, 035 (2001) [arXiv:hep-th/0109063]. 

[54] R. G. Leigh and M. J. Strassler, "Exactly marginal operators and duality in 

four-dimensional N=l supersymmetric gauge theory," Nucl. Phys. B 447, 95 (1995) 
[arXiv:hep-th/9503121]. 

[55] S. Benvenuti and A. Hanany, "Conformal manifolds for the conifold and other toric 
field theories," arXiv:hep-th/0502043. 

[56] B. Kol, "On conformal deformations," JHEP 0209, 046 (2002) [arXiv:hep-th/0205141]. 

[57] O. Lunin and J. Maldacena, "Deforming field theories with U(l) x U(l) global 
symmetry and their gravity duals," arXiv:hep-th/0502086. 

[58] S. A. Frolov, R. Roiban and A. A. Tseytlin, "Gauge - string duality for superconformal 
deformations of N = 4 super Yang-Mills theory," arXiv:hep-th/0503192. 

[59] S. Frolov, "Lax pair for strings in Lunin-Maldacena background," 
arXiv:hep-th/0503201. 

[60] I. R. Klebanov and N. A. Nekrasov, "Gravity duals of fractional branes and logarithmic 
RG flow," Nucl. Phys. B 574 (2000) 263 [hep-th/9911096]; 

1. R. Klebanov and A. A. Tseytlin, "Gravity duals of supersymmetric 

SU(N) x SU(N + M) gauge theories," Nucl. Phys. B 578 (2000) 123 [hep-th/0002159]. 
I. R. Klebanov and M. J. Strassler, "Supergravity and a confining gauge theory: 
duality cascades and xSB-resolution of naked singularities," JHEP 0008 (2000) 052. 

[61] C. P. Herzog, Q. J. Ejaz and I. R. Klebanov, "Cascading RG flows from new 
Sasaki-Einstein manifolds," JHEP 0502, 009 (2005) [arXiv:hep-th/0412193]. 



-44- 



[62] S. S. Pal, "A new Ricci flat geometry," arXiv:hep-th/0501012. 

[63] B. A. Burrington, J. T. Liu, M. Mahato and L. A. P. Zayas, "Towards supergravity 
duals of chiral symmetry breaking in Sasaki-Einstein cascading quiver theories," 
arXiv:hep-th/0504155. 

[64] D. Berenstein, C. P. Herzog, P. Ouyang and S. Pinansky, "Supersymmetry Breaking 
from a Calabi-Yau Singularity," arXiv:hep-th/0505029. 

[65] S. Franco, A. Hanany, F. Saad and A. M. Uranga, "Fractional Branes and Dynamical 
Supersymmetry Breaking," arXiv:hep-th/0505040. 

[66] J. A. Minahan, "Higher loops beyond the SU(2) sector," JHEP 0410, 053 (2004) 
[arXiv:hep-th/0405243]. 

[67] B. Feng, A. Hanany and Y. H. He, "D-brane gauge theories from toric singularities and 
toric duality," Nucl. Phys. B 595, 165 (2001). arXiv:hep-th/0003085. 

[68] M. Bertolini, F. Bigazzi and A. L. Cotrone, "New checks and subtleties for AdS/CFT 
and a-maximization," JHEP 0412, 024 (2004) [arXiv:hep-th/0411249]. 

[69] B. Feng, S. Franco, A. Hanany and Y. H. He, "Symmetries of toric duality," JHEP 
0212, 076 (2002) [arXiv:hep-th/0205144]. 

[70] S. Benvenuti and A. Hanany, "New results on superconformal quivers," 
arXiv:hep-th/0411262. 

[71] S. S. Gubser, "Einstein manifolds and conformal field theories," Phys. Rev. D 59, 
025006 (1999) [arXiv:hep-th/9807164]. 

[72] A. Ceresole, G. DalPAgata, R. D'Auria and S. Ferrara, "Spectrum of type IIB 

supergravity on AdS(5) x T(ll): Predictions on N = 1 SCFT's," Phys. Rev. D 61, 
066001 (2000). arXiv:hep-th/9905226. 

A. Ceresole, G. Dall'Agata and R. D'Auria, "KK spectroscopy of type IIB supergravity 
on AdS(5) x T(ll)," JHEP 9911, 009 (1999). arXiv:hep-th/9907216. 

[73] J. Gomis and H. Ooguri, "Penrose limit of N = 1 gauge theories," Nucl. Phys. B 635, 
106 (2002) [arXiv:hep-th/0202157]. 

N. Itzhaki, I. R. Klebanov and S. Mukhi, "PP wave limit and enhanced supersymmetry 
in gauge theories," JHEP 0203, 048 (2002) [arXiv:hep-th/0202153]. 

L. A. Pando Zayas and J. Sonnenschein, "On Penrose limits and gauge theories," 
JHEP 0205, 010 (2002) [arXiv:hep-th/0202186]. 

[74] S. Benvenuti, A. Hanany and P. Kazakopoulos, "The toric phases of the Y(p,q) 
quivers," [arXiv:hep-th/0412279]. 



-45 - 



[75] A. Hanany, P. Kazakopoulos and B. Wecht, "A new infinite class of quiver gauge 
theories ," [arXiv:hep-th /0503 1 77] . 

[76] N. Seiberg, "Electric - magnetic duality in super symmetric nonAbelian gauge theories" . 
Nucl. Phys. B 435, 129 (1995). [arXiv:hep-th/9411149]. 

[77] D. Kutasov, "New results on the 'a-theorem' in four dimensional supersymmetric field 
theory," [arXiv:hep-th/0312098]. 

[78] N. Beisert, C. Kristjansen and M. Staudacher, "The dilatation operator of N = 4 super 
Yang-Mills theory" Nucl. Phys. B 664, 131 (2003) [hep-th/0303060]. 

[79] H. Kihara, M. Sakaguchi and Y. Yasui, "Scalar Laplacian on Sasaki-Einstein manifolds 
Y(p,q)," [arXiv:hep-th/0505259]. 



-46- 



